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a b s t r a c t

We consider single-crane scheduling at rail transshipment yards, in which gantry cranes
move containers between trains, trucks and a storage area. The single-crane schedul-
ing problem arises at single-crane transshipment terminals and as a subproblem of the
multiple-crane scheduling problem. We consider a makespan objective function, which is
equivalent to minimizing the train dwell time in the yard, and introduce time windows for
container moves, for example, as a customer service promise. Our proposed decomposi-
tion algorithm with integrated dynamic branch-and-cut or dynamic programming solves
practically relevant instances within short time limits.

© 2018 Elsevier B.V. All rights reserved.

1. Introduction

Freight container transportation has been growing steadily in the last years. The amount of goods transported in
containers increased by 50% in Germany in the ten years from 2004 to 2014 (www.destatis.de). In comparison to freight
railcars, containers are standardized transport units and allow significant savings on handling cost and time, especially
during consolidation at transshipment yards. Optimization of yard operations enables to exploit this time and cost reduction
potential of containers to its maximum.

The layout of a typical rail terminal for the container transshipment includes four to six tracks, two lanes for trucks –
a driving lane and a parking lane –, and a storage area (see Fig. 1). One or several gantry cranes transport containers
between trains (rail–rail transshipments), between trains and trucks (rail–road transshipments) or between trains and the
storage (rail-storage transshipments). In this paper, we consider scheduling of a single crane. Single-crane terminals are quite
widespread and can be found, e.g., at transshipment yards inGöttingen, Beiseförth, or Heilbronn. The single-crane scheduling
problem also arises as a subproblem of crane scheduling problems with several cranes (e.g., [29,48,49,54]).

We define J to be a set of n jobs each representing a container move. The processing time pj of job j ∈ J is the duration
of a container move that consists of a series of operations like fixing the crane’s grip hooks at the target container, lifting
it, and moving it to its target position where the grip hooks are released. The time for moving the crane from the position
where the current job j has been completed (drop-off position of the container) to the starting position of the next job j′
(pick-up position of the next container) may be considered as a setup time ϑjj′ between the two jobs. Cranes have to load and
unload the customer trucks fast, within the promised time windows. Therefore we specify a time window

[
roj , dj

]
for each

job j ∈ J where the release time roj is the earliest possible starting time of job j and the deadline dj specifies the time when j
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Fig. 1. Illustration of a typical rail terminal.

is supposed to be finished at the latest. The first and the last job to be processed from set J are dummy jobs and determine
the starting and the desired final position of the crane and will be addressed as source job a and sink job z, respectively.
Therefore, we set pa = pz := 0, roa = roz := 0, da := 0, dz := ∞.

In some cases, it might happen that the container of j has to replace the container of job j′, as for example in case of job
2 and job 3 of Fig. 1. Then job j′ has to precede job j described by the order

(
j′, j

)
∈ E, where set E is a set of precedence

constraints between jobs. We enforce the source job to be the first and the sink job to be the last in any feasible sequence of
jobs by introducing precedence constraints (a, j) ∈ E and (j, z) ∈ E for all j ∈ J \ {a, z}.

To simplify the notation, we definemodified setup times as sij = ϑij+pj andmodified release times as rj = roj +pj. Observe
that the triangular inequality is satisfied for the setup times, i.e. sjk + skl ≥ sjl ∀j, k, l ∈ J . We introduce the completion time
of job j as decision variable Cj.

A bundle of trains arrives together at the yard for container transshipment and departs from it jointly (see [17,20,51]).
Specifically, for safety reasons trains are not allowed tomovewhile a crane is working. Thusminimizing themakespan leads
to a short handling time of each bundle and accelerates the throughput. The first exact methods on partitioning trains into
the bundles and on scheduling arrival of the bundles are described in [20,21] as well as in [9].

Therefore the Single-Crane Scheduling Problem (SgCSP) is to find a schedule with a minimal makespan Cz , i.e. an optimal
sequence P∗

= (j1, j2, . . . , jn) of the n jobs starting with source job a and finishing with sink job z and completion times Cj
for each job j ∈ J , such that:

– time windows constraints are satisfied: rj ≤ Cj ≤ dj ∀j ∈ J ,
– precedence constraints are satisfied: ∀ (jk, jl) ∈ E : k < l,
– setup times are observed:Cjk ≥ Cjk−1 + sjk−1jk ∀k ∈ {2, . . . , n} .

In the next steps, we develop exact solution approaches for the SgCSP.
Articles on the crane scheduling at transshipment yards mostly treat the single-crane scheduling problem as a part of a

more general planning problem and solve it heuristically. For example, Alicke [1] examines the multiple-crane scheduling
problem at transshipment yardswith a sorter system,which is to assign jobs to cranes and to determine the sequence of jobs.
He formulates a constraint satisfaction problem and develops different heuristics to minimize maximum lateness. Souffriau
et al. [54] consider the two-crane scheduling problem without time windows and the objective to minimize the makespan.
They simultaneously determine container positions on trains, assign the jobs to cranes anddecide on the sequence of the jobs.
The authors solve the last subproblem, which is similar to the SgCSP, with a variable neighborhood search procedure. Otto et
al. [49] consider the multiple-crane scheduling problem, where cranes are working in separate areas. They solve the arising
SgCSP subproblemwith a branch-and-bound algorithm. Barketau et al. [11,12] focus on the assignments of the containers to
the drop-off positions in case there is no unique position predefined for each container. They prove that the new assignment
problem is NP-hard in the strong sense and derive a best approximation result. Cichenski et al. [24] introduce the first holistic
model that solves simultaneously the train bundling, train-to-track assignment and the selection of the container drop-off
positions for instances relevant in practice. Kress et al. [38] allow the pick-up positions and therefore the assignment of
containers to cranes be a part of the optimization. Stephan and Boysen [57] analyze computational complexity of different
formulations of the single-crane scheduling problem. A detailed survey on the container processing at rail transshipment
yards is provided by Boysen et al. [19].
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Several articles focus on single crane scheduling in the context of port container terminals. Thus, Ng and Mak [47]
address the single-crane scheduling problem with the objective to minimize the sum of job waiting times. They neither
include precedence constraints nor deadlines of jobs. The authors propose a branch-and-bound algorithm, which solves the
generated test instances with up to 25 jobs. Montemanni et al. [45] propose a local search algorithm and an ant colony
metaheuristic for the single-crane scheduling problem without time windows and the objective of minimizing the total
cost. In other papers the single-crane scheduling problem is part of a more general framework. For example, Kim and Park
[35] propose a mixed-integer model for a multiple-crane scheduling problem with the objective to minimize makespan.
They develop a branch-and-bound algorithm to solve small instances to optimality and a customized heuristic algorithm for
instances of practically relevant size. Alsoufi et al. [5] suggest amixed-integermodel that combines crane schedulingwith the
berth allocation problem. They solve small-scale instanceswith off-the-shelf software CPLEX. Sha et al. [52] propose amixed-
integer model for crane scheduling to minimize the energy consumption. Fedtke and Boysen [28] set up an optimization
problem for simultaneous crane and shuttle car scheduling problem in rail–rail transshipment yards. The authors solve
single-crane scheduling subproblems with a beam search heuristic based on the dynamic programming algorithm of Held
and Karp [31]. Dik and Kozan [26] design a hybrid metaheuristic based on the variable neighborhood and tabu search for
themultiple crane scheduling problem.We also refer the reader to the recent surveys on crane scheduling with interference
by Boysen et al. [18]. The classification scheme, complexity results and close to optimal approximation algorithms for twin
cranes operating on the same level can be found in [37] and the fast branch and cut algorithm for dual cranes operating
on different levels are proposed by Nossack et al. [48]. Barketau and Pesch [10] represent the single crane scheduling
problemwithout timewindows as a special case of the asymmetric traveling salesmanproblemanddesign an approximating
algorithm with an approximation guarantee of 3. More about container processing at seaports can be found in [55] as well
as Bierwirth and Meisel [14,15].

Notice that the SgCSP is an extension of the asymmetric traveling salesman problem with time windows (ATSPTW)
wherewe additionally allowprecedence constraints. The asymmetric traveling salesman problem (ATSP)with themakespan
objective function, in the literature also referred to as the minimum completion time problem (MCTP), has a more general
variant, theminimum tour duration problem (MTDP), with a flexible starting time of the tour. According to this terminology,
the SgCSP is equivalent to the MCTP with time windows and precedence constraints. Although a plentitude of solution
approaches has been developed for the ATSP and its variants, the MCTP and the MTDP have rather rarely been investigated.
To the best of our knowledge, the available exact solution approaches for theMCTP and theMTDP are dynamic programming
or branch-and-bound approaches (e.g. [8,23,25,39,59]).

The SgCSP is also related to the single-machine scheduling problem with sequence-dependent setup times, precedence
relations, time windows, and the makespan objective function, or 1|rj, dj, prec, sij|Cmax in notation of Graham et al. [30].
Literature reviews on the machine scheduling literature with sequence-dependent setup times can be found in [3,4] and
[2]. Machine scheduling problems are often motivated by manufacturing or hospital applications, so they mostly contain a
number of specific features and constraints, such as time-dependent setup times, rate-modifying activities, or scheduling
of maintenance work (cf. [32,46,50,53,56]). A few papers propose exact solution methods – branch-and-bound, dynamic
programming, and constraint programming algorithms – for 1|sij, ·|· with different objective functions (makespan: [13];
sumofweighted completion times: [22]; tardiness-related objectives: [16,34,40–43,58]). However,most of these algorithms
neglect time windows. Time windows significantly increase the intractability of the SgCSP because waiting times may have
to be included into a schedule [16,34,40–43,58]. To the best of our knowledge, none of these algorithms can be readily applied
to the SgCSP.

In this paper,we design a decomposition algorithm (DA),which is a general approach to decompose the initial problem for
a set of jobs into smaller and easier to solve problems for subsets of jobs. TheDA is a superstructure that requires an additional
algorithm to solve the resulting SgCSP problems. Therefore, we propose a decomposition algorithmwhere subproblems are
solved by a dynamic branch-and-cut procedure (DBC). To the best of our knowledge the designed DBC is the first branch-
and-cut algorithm for the SgCSP and the closely related problem of the MCTP.

Next, we discuss alternative problem formulations of the SgCSP, that will be used in our solution approaches. Sections 3
and 4 describe the DBC and the DA (and its combination), respectively. We report on extensive computational experiments
in Section 5 and finally conclude with an outlook in Section 6.

2. Problem formulations for the single-crane scheduling problem

In Section 2.1, we provide an illustrative example on the SgCSP, introduce some additional notation, and formulate an
observation that we will actively use in our solution procedures.

To solve the SgCSP with a branch-and-cut algorithm (see Section 3), we will use a problem formulation with a surrogate
objective function — minimize total cost. This problem formulation, which we call the SgCSP-Mincost, has a rather tight
LP-relaxation and therefore allows to speed up the branch-and-cut algorithm significantly according to our preliminary
evaluations. In Section 2.2, we describe the SgCSP-MinCost and its relation to the SgCSP.

Observe that since the SgCSP closely relates to machine scheduling as well as to routing problems (see Section 1), we use
suitable terminology from both research fields. For instance, terms ‘‘paths’’ and ‘‘Hamiltonian paths’’ enable us to explain,
how we apply effective path-elimination-constraints in our branch-and-cut procedure, whereas we use the term ‘‘active
schedule’’ to succinctly explain how we can reduce the solution space and schedule jobs given their sequence.

Downloaded from http://iranpaper.ir
http://www.itrans24.com/landing1.html



Please cite this article in press as: X. Li, et al., Solving the single crane scheduling problem at rail transshipment yards, Discrete Applied Mathematics
(2018), https://doi.org/10.1016/j.dam.2018.07.021.

4 X. Li et al. / Discrete Applied Mathematics ( ) –

Table 1
Example of a SgCSP problem instance.

Job j = a 1 2 3 4 z Setup times sij
rj 0 3 6 8 16 0 i j

dj 0 6 10 14 18 ∞ a 1 2 3 4 z

a — 3 1 2 2 0
1 ∞ — 2 4 7 0
2 ∞ 5 — 2 6 0
3 ∞ 6 2 — 6 0
4 ∞ 10 7 7 — 0
z ∞ ∞ ∞ ∞ ∞ —

Fig. 2. Illustration of an optimal solution for the example in Table 1.

2.1. Some observations on the single-crane scheduling problem

Consider the example of Table 1with six jobs, where job 3 has to precede job 2: E =
{
(3, 2) , (a, 1) , (a, 2) , (a, 3) , (a, 4) ,

(1, z) , (2, z) , (3, z) , (4, z)
}
. Fig. 2 shows an optimal sequence of jobs (a, 1, 3, 2, 4, z) with makespan 16 and completion

times Cj of 0, 3, 8, 10, 16 and 16, respectively.
Observe that the constructed schedule of jobswill remain optimal if job 1 is rescheduled to finish anywhere between3 and

4. Indeed, for a given sequence of jobs, wewill be able to construct a plentitude of feasible job schedules, i.e., scheduleswhere
precedence constraints among jobs are observed and the jobs are scheduled within their time windows. In the following we
show that it is sufficient to examine active schedules (see the definition below) for the SgCSP and we reformulate our model
accordingly.

We define a labeled directed graph G = (J, A)with vertex set J corresponding to the set of jobs. Two labels for each vertex
j ∈ J describe release time rj and deadline dj. Arc set A = {(i, j) |i may precede j, i, j ∈ J} describes all possible job pairs, in
particular, E ⊆ A. Let P = (j1, j2, . . . , jm) be a path in G that includes any vertex of G at most once. The makespan, i.e., the
earliest completion time M(P) of the jobs of path P is recursively defined through a simple forward calculation as follows:

M (j1) := rj1

M (j1, . . . , jk) := max
{
rjk ,M (j1, . . ., jk−1) + sjk−1,jk

}
for k = 2, . . .,m.

A feasible schedule of jobs, i.e. a schedule that does not violate any precedence constraints and where each job is scheduled
within a time interval defined by its release time and deadline, is active, if each job in the sequence finishes at its earliest
possible completion time, i.e. no job can start earlier without delaying another one. For instance, the schedule in Fig. 2 is
active.

Observation 1. If an instance of the SgCSP has a feasible schedule then there exists an optimal schedule which is active.

Consequently, we can restrict our attention to active schedules. We call a path P feasible if it has an active schedule based
on P .

2.2. On the single-crane scheduling problem with the objective to minimize total cost

In order to find improved bounds within our solution procedure we make use of a mixed-integer formulation of the
single-crane scheduling problem with a modified objective. In this problem formulation, we will omit hard-to-deal-with
waiting times from the objective function and will consider just the total sum of the incurred setup times (or total ‘‘cost’’).

We denote this problem as SgCSP-Mincost and a path defining an optimal solution as P̃∗. The cost C(P) of path P =

(j1, j2, . . . , jm) is the sum of its setup times, i.e. C (P) =
∑m

k=2sjk−1,jk . Additionally, we introduce a set Θ (J, A,GUB) of
prohibited paths. A path P ′ is prohibited if one of the following is true:

– it violates time window or precedence constraints,
– or if the makespan M

(
P ′

)
of P ′ is equal to or higher than the current global upper bound (GUB), i.e. the makespan of

the currently best solution of the SgCSP.
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In the following, we refer to the set of prohibited paths simply as Θ for simplicity.
Given GUB, the SgCSP-Mincost (J, A,GUB) is the problem to find a Hamiltonian path P̃∗ ̸∈ Θ in G with minimal cost

C
(
P̃∗

)
.

Let us denote the set of ingoing arcs incident to vertex i as δ− (i) = {(j, i) ∈ A|j ∈ J} and the set of outgoing arcs as
δ+ (i) = {(i, j) ∈ A|j ∈ J}. Binary decision variables xij define whether job i is performed immediately before job j (xij = 1) or
not (xij = 0). We denote the sum of decision variables corresponding to the arcs of set A′ by x

(
A′

)
=

∑
(i,j)∈A′xij. Thus for a

path P it is x (P) =
∑m

k=2xjk−1,jk.. Let A(K ) be the set of all arcs connecting any two vertices from a set K ⊆ J .
We adapt the model proposed by Ascheuer et al. [7] and formulate a mixed-integer model for the SgCSP-Mincost as

follows:

min
∑
i∈J\{z}

∑
j∈J\{a}

sij · xij (1)

s.t. x(δ+ (i)) = 1 ∀ i ∈ J \ {z} (2)
x(δ− (i)) = 1 ∀ i ∈ J \ {a} (3)
x (A (K )) ≤ |K | − 1 ∀ K ⊂ J, 2 < |K | < n (4)
x (P) ≤ m − 2 ∀ path P = (j1, j2, . . . , jm) , P ∈ Θ (5)
xij ∈ {0, 1} ∀ i, j ∈ J (6)

Constraints (2) and (3) require that each job has exactly one successor and exactly one predecessor job. Subtours are excluded
by constraints (4). The paths elimination constraints (5) eliminate all prohibited paths. The number of constraints of type (4)
and (5) can be exponential in n.

Notice that any feasible solution of problem SgCSP-Mincost (J, A,GUB) is also a feasible solution for the original problem
SgCSP (J, A), therefore M (P∗ (J, A)) ≤ M

(
P̃∗ (J, A,GUB)

)
. Moreover, the optimal objective value of problem SgCSP-Mincost

(J, A,GUB) provides a lower bound to the corresponding objective value of problem SgCSP (J, A). Therefore the following
observation holds.

Observation 2. C
(
P̃∗ (J, A,GUB)

)
≤ M (P∗ (J, A)) ≤ M

(
P̃∗ (J, A,GUB)

)
.

3. Dynamic branch-and-cut algorithm for the SgCSP

We apply the following dynamic branch-and-cut (DBC) procedure to the SgCSP: we iteratively solve the SgCSP-Mincost
(J, A,GUB) problem and update GUB dynamically during the solution process. For instance, whenever we find a currently
optimal solution P := P̃∗ (J, A,GUB), we update the global upper bound as GUB := min

{
GUB,M

(
P̃∗ (J, A,GUB)

)}
, path

P enters set Θ of prohibited paths and we add a cut to exclude the solution. We proceed, until GUB equals a global lower
bound (GLB), so that we find an optimal solution of the problem SgCSP (J, A) or the set of feasible solutions of SgCSP-Mincost
(J, A,GUB) is empty.

Recall that the major idea of the branch-and-cut is to start with a relaxed model and to gradually strengthen this
relaxationduring the solutionprocess by introducing valid cuts and enforcing integrality conditions on thedecision variables.
In the DBC, we extend this basic idea by using a non-restrictive initial value of an important parameter (GUB) and by
‘‘strengthening’’ this value during the solution process.

In Section 3.1, we provide an overview on the overall branch-and-cut procedure. Subsequently, in Section 3.2, we describe
new separation routines designed for the SgCSP-Mincost problem.

3.1. Branch-and-cut solution procedure

We start the DBC with some preprocessing steps in order to narrow time windows and to reveal new implicitly existing
precedence constraints imposed by the time windows. Additionally we compute a global lower bound GLB and a global
upper bound GUB for the SgCSP (J, A). In the following, we explain the main idea. We refer an interested reader to Otto et
al. [49] for a detailed discussion.

We compute a lower bound as an optimal solution to the assignment problem (1)–(3), and continuous variables in
(6). An alternative lower bound is obtained from an optimal solution of the single machine scheduling problem 1

⏐⏐r ′

j

⏐⏐ Cmax
with job release time r ′

j and a makespan objective. The processing times p′

j and release times r ′

j of the jobs of this single
machine scheduling problem are either defined as p′

j := mini∈J|(i,j)∈A
{
sij

}
and r ′

j := rj − mini∈J|(i,j)∈A
{
sij

}
or as p′

j :=

pj + mink∈J|(j,k)∈A
{
ϑjk

}
and r ′

j := roj .
We compute a global upper bound GUB for the SgCSP (J, A) through several heuristics, such as multiple start feasible

nearest neighbor heuristic, priority rules as well as local search procedures with vertex reinsertion and two vertex exchange
(see [49] for details on preprocessing routines, GLB and GUB).

Starting with initial values for GLB and GUB, empty sets K and Θ in (4) and (5) as well as continuous variables in (6),
we adapt cuts and separation routines in our branch-and-cut procedure as described by Ascheuer et al. [7]. We modify the
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separation routines for the path elimination constraints (PECs, see Section 3.2). The cuts include besides subtour elimination
constraints (4), path elimination constraints for prohibited paths, inequalities for the sequential ordering problem, (π, σ )-
inequalities to take precedence constraints into account, as well as inequalities for the one-machine scheduling problem
with time windows and inequalities for the traveling salesman problem. We skip the details here and refer the interested
reader to the paper of Ascheuer et al. [7]. We apply the cuts in the same order as in [7], but we include PECs immediately
after the subtour elimination constraints in order to exclude long paths as early as possible.

In each node of the branch-and-cut tree, we consider one class of cuts at a time. We branch when we have included all
the classes of cuts or when we have detected tailing-off.

In each search tree node ϕ of the branch-and-cut procedure we consider a partial sequence of already scheduled jobs. Let
job k (initially k = a) be the incumbent last job of the sequence in node ϕ. Binary branching in ϕ leads to two descendant
nodes λ and µ where we either append a next job k′ from the set of unscheduled jobs J(ϕ) available in this node (xk,k′ := 1)
or k′ is not going to be the first job scheduled from the set J(ϕ), i.e., xk,k′ := 0.

Job k′ is excluded from the set of unscheduled jobs, i.e., J (λ) := J(ϕ) \ {k′
}, and release times are updated as ri (λ) :=

max {Ck′ + sk′ i, ri(ϕ)|i ∈ J(λ)} where ri (α) is the release time of job i in search tree node α. These transformations allow
reducing time windows and including implicitly existing precedence constraints by applying some simply preprocessing
steps for the subproblem in node λ (for details see [49]). The search is repeated for the LP-relaxation of problem
SgCSP-Mincost (J(λ), A (J(λ)) ,GUB) in node λ.

Fixing variable xk,k′ to 0 in the other node µ is rather weak and usually neither allows powerful preprocessing steps nor
tight cuts. Therefore, we decided not to add any cuts.

We fathom a node when the lower bound exceeds the best upper bound or the set of feasible solutions is empty.
In order to improve efficiency of the branch-and-cut, we use the following simple dominance rule. Node λ dominates node

η if J (λ) = J (η) and ri (λ) ≤ ri (η) for all i ∈ J (λ). In this case, the same sets of jobs have to be assigned in λ and in η, but
the next unscheduled job may start earlier in node λ.

We perform the following variation of a breadth search.We always resume branching at a nodewith the smallest number
of the already assigned jobs. Observe that this kind of branching eases application of the dominance rule. Among not yet
assigned jobs in the incumbent node ϕ and given a possibly non-integer solution x(ϕ) in this node, we heuristically select
job k′ as the job with k′

= argmax{xk,i (ϕ)
⏐⏐i ∈ J (ϕ) , 0 < xk,i (ϕ) < 1 } where k is the last job scheduled.

Each time we find a feasible Hamiltonian path in the branch-and-cut search, we compute the makespan of the corre-
sponding active schedule and update GUB. A smaller GUB allows to eliminate more paths based on the path-elimination
constraints (PECs) as described in Section 3.2. If a Hamiltonian path is optimal for the incumbent relaxed version of the
SgCSP-Mincost problem, then we exclude this path by using a path-elimination constraint (A.1) (see Appendix) in all active
nodes of the branch-and-cut tree.

In the following, [S] denotes a generic permutation of the jobs in set S, which does not violate precedence constraints. For
example, ([S] , j) describes a path, where a permutation of jobs in set S is immediately followed by job j. Further, {P} denotes
the set of all jobs of path P .

3.2. Extension of path elimination constraints

We extend the separation routine for path elimination constraints (PECs), originally used by Ascheuer et al. [7], by
introducing precedence constraints tests (see Section 3.2.1) and waiting time tests (see Section 3.2.2). The precedence
constraints tests exclude infeasible paths violating precedence constraints. Notice that precedence constraints are also
enforced by other classes of cuts with computationally more expensive separation routines (e.g., (π, σ )-inequalities),
which are tackled following the separation for PECs during our branch-and-cut procedure. Therefore, our new precedence
constraints testsmay speedup the solutionprocess, aswill be demonstrated in our computational experiments in Section 5.2.
The waiting time tests eliminate paths with large makespans.

To generate PECs, we consider all the paths P = (j1, j2, . . . , jm) ,m > 1, satisfying condition
∑m

k=2x̃
∗

jk−1,jk
> m − 2

for a (possibly non-integer) solution x̃∗ of the incumbent LP-relaxation of the SgCSP-Mincost problem (1)–(4), (6). Note
that because of constraints (2) and (3), there are only polynomially many such paths. In contrast to Ascheuer et al. [7],
besides checking whether these paths violate time window constraints, we additionally apply our precedence constraints
and waiting time tests. Detected infeasible or extra-long paths are eliminated through cuts. For convenience, we provide a
list of PECs in the Appendix.

Observe that the logics of our tests in Sections 3.2.1–3.2.2 is somewhat related to the concept of the local-search
domination of Bianco et al. [13] and Jamal et al. [33]. Given some partial infeasible or extra-long path P , we identify and
prohibit further similar infeasible or extra-long paths. In this way, we effectively prune whole sub-trees in the solution
space.

3.2.1. Precedence constraints tests
Precedence constraints test 1. Consider an infeasible path P = (j1, j2, . . . , jm−1, jm) obtained during the search procedure
where (jm, j1) ∈ E. Then, we eliminate all paths of the form (j1, [{P} \ {j1}]) where j1 is the first job, by PEC-constraints (A.4)
(see Appendix) and all paths ([{P} \ {jm}] , jm) where jm is the last job, by PEC-constraints (A.3) (see Appendix).

Precedence constraints test 2. Assume there is a job jl to be scheduled between jobs j1 and jm, i.e., (j1, jl) ∈ E and (jl, jm) ∈ E.
Further assume jl is not a part of the infeasible path P = (j1, j2, . . . , jm−1, jm). Then we exclude any path containing a
consecutive permutation of jobs {P} , i.e., [{P}] by constraint (A.2) (see Appendix).
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3.2.2. Waiting time tests
Let w (P) be a lower bound on the waiting time of an active (partial) schedule, i.e., of any feasible path P in graph G.

Additionally, let L̃B0 be a lower bound on the cost of feasible Hamiltonian paths in the current node ϕ of the branch-and-cut
tree.We compute L̃B0 as the solution of the relaxed SgCSP-Mincost (J(ϕ), A(ϕ),GUB) problem (see Section 3.1).We set lower
bound L̃B := L̃B0 + Ck (ϕ), where Ck (ϕ) is the completion time of the last job in the sequence of assigned jobs in node ϕ. If
L̃B + w (P) ≥ GUB, we prohibit path P . Recall that J(ϕ) does not include the assigned jobs (cf. 3.1).

We develop waiting time tests for three overlapping classes of paths: paths that start with the source job (class 1), paths
that end with the sink job (class 2) and the rest of the paths (class 3).

Observe that thewaiting time in any active schedule between two consecutive jobs jk followed by jl is at leastwjkjl

(
Cjk

)
:=

max
{
rjl − Cjk − sjk,jl , 0

}
because jk finishes at Cjk ≤ djk and jl cannot start earlier than rjl .

Waiting time test 1. Consider a path P = (a = j1, j2, j3 . . . , jm) where the last job finishes at its release time, i.e. Cjm = rjm =

M(P) and w (P) = M (P) − Ck (ϕ) − C(P). If L̃B + w (P) ≥ GUB, we prohibit

– any path [{P}] starting in a, and which is a permutation of jobs of path P , by constraints (A.2),
– paths of the form [({P} ∪ {jk}) \ {jm}] by constraints (A.2) for any jk ̸∈ {P} with wjm−1jk

(
Cjm−1

)
≥ wjm−1jm

(
Cjm−1

)
> 0,

where Cjm−1 is the completion time of job jm−1 in the active schedule of path P .

The intuition behind the first statement is the following. Any path P ′ starting in a and consisting of only jobs from P has
a makespanM(P ′) ≥ M(P) as job jm cannot finish earlier than at its release time rjm = M(P) possibly followed by additional
jobs that are sequenced in P before job jm. Let jk be the last job in P ′ and assume H is a complete schedule consisting of the
jobs of P ′ followed by a sequence P ′′ of jobs starting with jk and all jobs from J \

{
P ′

}
. Then M (H) ≥ M

(
P ′

)
+ C

(
P ′′

)
≥

M (P) + C
(
P ′′

)
= w (P) + Ck (ϕ) + C (P) + C

(
P ′′

)
≥ w (P) + L̃B ≥ GUB.

As for the second statement consider the case where jk replaces the last job jm in P . wjm−1jk

(
Cjm−1

)
> 0 implies that job

jk is not available at time
(
Cjm−1 + sjm−1jk

)
and therefore Cjk = rjk . From wjm−1jk

(
Cjm−1

)
≥ wjm−1jm

(
Cjm−1

)
we conclude that

w
(
P ′

)
≥ w (P) where P ′

= (a, j2, j3 . . . , jm−1, jk) which immediately implies L̃B + w
(
P ′

)
≥ GUB. Applying the first part of

the waiting time test 1 proves the statement.

Waiting time test 2. Consider a path P = (j1, j2 . . . , z) from class 2. A possible lower bound on the waiting time is to set
w (P) := max

{
L̃B − C (P) − dj1 , 0

}
because j1 may finish as late as dj1 and the local lower bound on the costs L̃B is also a

local lower bound on the makespan. If L̃B + w (P) ≥ GUB, then we prohibit

– any path [{P}] ending in z, and which is a permutation of jobs of path P , by constraints (A.2),
– paths of the form [({P} ∪ {jk}) \ {j1}] where wjkj2

(
djk

)
≥ wj1j2

(
dj1

)
> 0 by constraints (A.2).

The reasoning behind the first statement is the following. As L̃B < GUB (otherwise we would have fathomed the search
tree node) path P has a positive waiting time, i.e. L̃B − C (P) > dj1 .

Consider a feasible complete schedulewhere the jobs of path [{P}] occupy the last positions. Assume the schedule consists
of the jobs of a path P ′ ending with j1 followed by a sequence P ′′ of jobs starting with j1. As C

(
P ′

)
+ C (P) ≥ L̃B − Ck (ϕ), we

get dj1 < L̃B − C (P) ≤ C
(
P ′

)
+ Ck (ϕ) which contradicts that all jobs of P ′ finish until dj1 .

As for the second statement let us consider the case where jk replaces j1 in P . Positive waiting time wjkj2

(
djk

)
> 0

implies that job j2 is not available at time
(
djk + sjkj2

)
and therefore Cj2 = rj2 . From wjkj2

(
djk

)
≥ wj1j2

(
dj1

)
we conclude

that w
(
P ′

)
≥ w (P) where P ′

= (jk, j2, j3 . . . , jm−1, z) which immediately implies L̃B + w
(
P ′

)
≥ GUB. An application of the

first part of waiting time test 2 proves the statement.

Waiting time test 3. Let P = (j1, j2 . . . , jm) be a path of class 3. Observe that its first job cannot be scheduled later than
its deadline, therefore we may consider the following waiting time lower bound w (P) = min

{
M (P) − C (P) − dj1 , 0

}
. If

L̃B + w (P) ≥ GUB, then we prohibit

– path P by constraints (A.1),
– paths P ′ received from P by replacing job j1 with jk such that wjkj2

(
djk

)
≥ wj1j2

(
dj1

)
> 0 by constraints (A.1),

– paths P ′′ received from P by replacing job jm with jl such that wjm−1jl

(
Cjm−1

)
≥ wjm−1jm

(
Cjm−1

)
> 0 by constraints

(A.1), where Cjm−1 is the completion time of job jm−1 in the active schedule of path P\ jm, i.e. Cjm−1 := M(j1, . . . , jm−1).

Let us consider the second statement. Since wjkj2

(
djk

)
> 0 and wj1j2

(
dj1

)
> 0, we receive that rj2 > djk + sjkj2 and

rj2 > dj1 + sj1j2 . Therefore, in both schedules j2 completes at its release time rj2 and M (P) = M
(
P ′

)
. The validity of the

second statement can be shown by observing thatM
(
P ′

)
− C

(
P ′

)
− djk ≥ M (P) − C (P) − dj1 .

In the third statement, observe that M (P) = rjm and M
(
P ′′

)
= rjl because wjm−1jm

(
Cjm−1

)
> 0 and wjm−1jl

(
Cjm−1

)
> 0.

Therefore M
(
P ′′

)
− C

(
P ′′

)
− d1 = rjl +

(
rjm − rjm

)
+

(
Cjm−1 − Cjm−1

)
−

(
C (P) − sjm−1,jm + sjm−1,jl

)
− d1 = rjm +(

wjm−1jl

(
Cjm−1

)
− wjm−1jm

(
Cjm−1

))
− C (P) − d1 ≥ M (P) − C (P) − d1. So that w

(
P ′′

)
= max

{
M

(
P ′′

)
− C

(
P ′′

)
− d1, 0

}
≥

w (P) and we can prohibit path P ′′.
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In our preliminary tests we observed that excluding paths using the waiting time tests made the solver generate slightly
modified new paths where the waiting times are also too large. Therefore, we apply waiting tests 1, 2 and 3 first. As soon as
we prohibit a path P we construct similar paths by job insertion and examine them with the waiting time test 4.

In the following, we define wjkjl := wjkjl

(
djk

)
if path P belongs to classes 2 and 3 and wjkjl := wjkjl

(
Cjk

)
if path P belongs

to class 1, where Cjk is the completion time of job jk in the active schedule of path P .

Waiting time test 4. Let jobs jk and jl be scheduled consecutively in somepath P andwjkjl > 0. If L̃B+wjkjl−
(
sjkjc + sjc jl − sjkjl

)
≥

GUB for some job jc ∈ J \ {P}, then we prohibit path
− P ′

= (. . . , jk, jc, jl, . . .) obtained from path P by inserting job jc between jk and jl by constraint (A.1).

4. Decomposition algorithm

In the DA, we try to solve the original problem by decomposing it into easier to solve subproblems. Effectively, we try to
partition the set of jobs J into two subsets J1 and J2 such that jobs J1 precede jobs J2 in an optimal solution. Observe that such
introduction of additional precedence relations may favorably change the problem structure and significantly speed-up the
solution process (cf. [36,44]).

Before initiating the DA we perform some preprocessing steps to tighten time windows and to introduce subsequently
additional precedence constraints implicitly forced by the time windows as well as to compute a global upper bound GUB
and a global lower bound GLB for problem SgCSP (cf. Section 3). If necessary we initialize GUB := ∞.

The initialization of the DA starts with the best feasible solution P = (a, j2, j3, . . . , jn−1, z) generated during the
preprocessing. We heuristically look for a decomposition of the job set J into J1 ∪ J2, i.e., we assign a job jk together with all
the subsequent jobs to J2 if:

• rjk ≤ rjl , k ≤ l ≤ n (jk has the earliest release time among all the following jobs), and
• Cjk = rjk (jk starts at its release time).

For the remaining jobs we assign J1 := J \ J2. If set J2 is empty, we proceed solving the original problem SgCSP(J, A),
e.g., using the DBC (see Section 3).

Otherwise, we start looking for a solution with the minimum makespan for jobs in J2. We call the first job in this
solution jc ∈ J2 as connecting job because it should immediately follow jobs from J1 in our decomposition. If we can find
a feasible schedule for jobs in J1, so that for the last job of J1, say jk, satisfies Cjk ≤ rjc − sjkjc , then the concatenation of
both sequences gives us a best possible (and potentially optimal) solution with jobs from J1 preceding jobs from J2 and we
stop the decomposition algorithm. Otherwise, we complement the available job sequence for J1 to a feasible solution for the
SgCSP (J, A) (if such solution exists) with a minimum makespan and update the global upper bound GUB; we prohibit the
examined job jc to be a connecting job and proceed with a new iteration of the DA.

Observe that the decomposition algorithm will not find an optimal solution for the original problem SgCSP (J, A), if no
optimal solution of the SgCSP (J, A) with jobs J1 preceding jobs J2 exists. Even in such a case a DA-based improved upper
bound GUB often reduces the solution time significantly, as we will show in our computational experiments. Observe that
the decomposition algorithmmay also improve our initial global lower bound because themakespan of an optimal schedule
for J2 provides a lower bound for problem SgCSP (J, A).

We refer to the decomposition algorithm that uses the DBC to solve the resulting SgCSP problems as DBC&DA.

5. Computational experiments

Our computational experiments were run on a laptop with Intel i5-3450 3.1 GHz CPU. The algorithms are implemented
in C++, utilizing the library of IBM ILOG CPLEX 12.7.

Next we describe our data sets in Section 5.1. We report on the results of our simulation of single-crane transshipment
yards in Section 5.2. Section 5.3 presents the performance of the algorithms and their constituent elements on various test
sets in more detail, including well-established benchmark data sets.

5.1. Data sets

We conducted computational experiments on three data sets, which we call for brevity DS1, DS2 and DS3. DS1, which
contains 90 instances, is based on a careful simulation of single-crane transshipment yards. DS2 is the benchmark data set of
Ascheuer [6], whichwe downloaded from http://ftp.zib.de/pub/mp-testdata/tsp/atsptw/index.html. It contains 50 instances
describing scheduling of a stacker crane in an automatic storage system, the instances are based on real data from practice.
DS3 is an artificially generated well-established benchmark data set of Dumas et al. [27] and contains 135 instances.

Instances of DS1 simulate a 700-meter-long single-crane transshipment terminal consisting of two tracks and of n = 15,
20 and 25 jobs with wide time windows. We generate instances in nine settings with different numbers of jobs and of
(nontrivial) time windows. With 10 instances per setting, DS1 contains 9 · 10 = 90 instances in total. For brevity, we only
sketch the most important instance generation parameters and refer the interested reader to Otto et al. [49] for further
details. We compute setup times and processing times based on typical horizontal and vertical velocities of a gantry crane,
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thereby we differentiate between velocities of a loaded and of an unloaded crane. Observe that precedence constraints arise
when pickup and drop-off positions of containers are identical (e.g. job 3 and job 2 in Fig. 1). We generate time windows for
rail–road jobs, which account for about 65% of all jobs (cf. [51]), to reflect a service promise for customer trucks. For instances
with n = 20 jobs, we consider settings with 0, 2, 4, 6, 8, 10 and 13 (i.e. for all rail–road jobs) time windows. For instances
with n = 15 and n = 25, we only look at settings where time windows are generated for all rail–road jobs. In order to see
the influence of the time windows on the job sequence we report a ratio between the average time window length and the
average setup time sij (not including dummy jobs). For DS1 this ratio is 180

1 , in other words time windows are wide and do
not significantly restrict job positions.

DS2 is a well-established data set of Ascheuer [6] originally describing instances of an asymmetric traveling salesman
problem with time windows containing up to 233 jobs. In the original data set, Ascheuer [6] sets the release time of the
dummy sink job to a large number as part of the preprocessing procedure. Therefore, we change the release time of the
dummy sink jobs to 0 in order to adapt the instances of Ascheuer [6] to amakespan objective function of the SgCSP. The time
windows in DS2 are rather wide as well. The ratio between the average size of the timewindows and the average setup time
varies significantly between 16

1 and 291
1 . It is about 82

1 on average.
DS3 describes the data set of Dumas et al. [27], which is a well-established benchmark data set for the traveling salesman

problem with time windows. In DS3, there are no precedence constraints, setup times are symmetric (sij = sji∀i.j ∈ J) and
time windows are narrow. The ratio between the average size of the time windows and the average setup times sij is about
2
1 for the instance settings with the largest time windows. DS3 contains 135 instances spread over 27 settings with n = 20,
40, 60, 80, 100, 150 and 200 jobs. There are up to 5 time window settings for each size. Each setting specifies an interval
from which the release times and the deadlines of jobs are randomly drawn. For small instances with n ≤ 60, the data set
of Dumas et al. [27] contains five settings of time windows. For larger instances, it contains two to four settings of time
windows with smaller intervals.

In our experiments, we solved all the instances of DS1, DS2 and DS3 to optimality.
We report the performance of our decomposition algorithm as a part of two solution procedures: the DBC&DA and the

DP&DA. The DP&DAuses the dynamic programming algorithm (DP) of Dumas et al. [27] to solve (sub-)problems of the SgCSP.
DP was originally developed for the traveling salesman problem with time windows (TSPTW) with a total cost minimizing
objective. It is one of the most successful currently available algorithms for the TSPTW, which can straightforwardly be
extended to deal with a makespan objective function and precedence constraints.

In all the tests, we set a time limit to 600 s per instance. For the two-stage algorithms DBC&DA and DP&DA, we set a time
limit to 600 s both for the first part and for the overall algorithm, including the first part. Recall that the first part examines
all the solutions with a heuristically determined set of jobs J2 ̸= ∅ succeeding the set of jobs J1 = J \ J2. The second part
solves the original SgCSP (J, A), if the first part of the algorithm could not find an optimal solution.

5.2. Simulation results

Table 2 summarizes our results on the instances of DS1. Both algorithms, the DBC&DA and the DP&DA solved all the
instances of DS1 to optimality with an average run time of about 1.5 and 3.0 s, respectively. The run times of the DBC&DA
and the DP&DA are generally lower if a decomposition is possible (i.e. if the set of jobs J2 is not empty, cf. Section 4). This
is the case for 67 out of 90 instances. The computational time of the DBC&DA does not exceed 63 s per instance and the
computational time of the DP&DA does not exceed 91 s per instance. The DBC&DA usually dominates DP&DA for instances
with only a small number of time windows.

Insight 1: We conclude that the proposed methods DBC&DA and DP&DA successfully solve instances of practically relevant
size.

Planners often use algorithms that minimize the total cost even if they are actually interested in the makespan objective.
In otherwords, they expect awaiting time of 0 in a solutionwithminimal cost. Table 3 illustrates that such an approximation
results in about 30%–40% increase in the makespan at transshipment terminals.

Insight 2: Solving a total cost minimization problem (and neglecting the makespan) may lead to a significant increase in the
makespan.

The ability to warrant a service promise, i.e. a service time window, is one of the important instruments to attract
customers and additional order volumes. However, the more jobs with time windows exist and the tighter time windows
are, the larger is the makespan. Fig. 3 illustrates that the makespan increases from about 33 min in case of no time windows
to about 44 min (by 30%) in case all the rail–road jobs have time windows.

Observe that characteristics of timewindowsmay be very different at different transshipment yards, and such an analysis
should be performed with the data of the transshipment yard of interest. Nevertheless, this piece of analysis illustrates that
our algorithms have no problem solving instanceswith only a few timewindows and are perfectly suited for such an analysis.

Insight 3: Service promises to customer trucks lead to a significant increase in the makespan.
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Table 2
Performance of the DP&DA, the DBC&DA and the DP for DS1 with time limit of 600 s.

Setting, # of jobs (# of TW)a Solution method Avg. computational time (s) # of instances decomposed with the DA

15 (all) DP&DA 0.0
10 out of 10DBC&DA 0.0

DP 0.0
20 (all) DP&DA 0.0

10 out of 10DBC&DA 10.7
DP 1.1

20 (10) DP&DA 0.0
10 out of 10DBC&DA 0.0

DP 2.4
20 (8) DP&DA 0.0

10 out of 10DBC&DA 0.0
DP 4.4

20 (6) DP&DA 0.5
9 out of 10DBC&DA 0.9

DP 16.1
20 (4) DP&DA 7.1

5 out of 10DBC&DA 0.4
DP 12.9

20 (2) DP&DA 16.9
3 out of 10DBC&DA 1.1

DP 34.6
20 (0) DP&DA 2.1

0 out of 10DBC&DA 0.1
DP 44.0

25 (all) DP&DA 0.0
10 out of 10DBC&DA 0.0

DP 71.8

Best algorithms in each setting are marked in bold.
a # of rail–road jobs with nontrivial time windows (TW).

Table 3
Differences in the makespan for the optimization with different objective functions.

Setting, # of jobs (# of TW)a Avg. makespan for solutions
with the minimal costb , (A)

Avg. minimal makespan, (B) Avg. relative deviation (Ai)/(Bi)c (%)

15 (all) 2550.3 1944.3 132
20 (all) 3445.3 2619.9 132
25 (all) 4387.8 3191.0 138

a # of rail–road jobs with nontrivial time windows (TW).
b Average makespan of optimal solutions found by minimizing the total cost.
c (Ai)/(Bi) is computed for each instance i, then the average is taken.

Table 4
Comparative performance of DBC&DA, DP&DA and DP on DS2 and DS3.

Data set # of instances solved to optimality (total # of instances) Avg. run time, sec.a # of instances decomposed with the DA

DBC&DA DP&DA DP DBC&DA DP&DA DP

DS2 47 (50) 50 (50) 44 (50) 11.5 1.8 41.8 46
DS3 116 (135) 135 (135) 135 (135) 4.4 4.4 10.7 106

a For solved instances.

5.3. Detailed performance analysis of the algorithms

In this section, we discuss the performance of the proposed algorithms DBC&DA and DP&DA in more detail. We compare
them to the dynamic programming algorithm (DP) of Dumas et al. [27] for well-established benchmark data sets DS2 and
DS3. Afterwards, we examine the performance of DA and DBC in more detail.

Comparative performance of the DBC&DA, the DP&DA and the DP on benchmark data sets DS2 and DS3. Table 4 illustrates that
the DBC&DA and the DP&DA outperform DP on DS2, which is the data set of Ascheuer [6]. Interestingly, the DBC&DA was
able to solve instances that were not solved by the DP and the DP was able to solve instances that were not solved by the
DBC&DA. Overall, there is no dominance relation between the results of the DBC&DA and the DP&DA. For example, the
DBC&DA outperforms the DP&DA on eight instances.
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Fig. 3. Relation between the average optimal makespan and the number of rail–road jobs with time windows.

Table 5
Performance of the dominance rule of the DBC on DS3.

Avg # of nodes per instance Avg # of nodes pruned with the dominance rule Avg share of nodes pruned with the dominance rule, %

2708 525 15.8

Table 6
Performance of cuts in the DBC for DS2.

# of jobs Path-elimination constraints (PECs)a based on Precedence-related non-PEC cutsb Other cuts

Precedence constraints
tests, # cuts

Waiting time tests, #
cuts

Other PECs, # cuts CPU, % # cuts CPU, % # cuts CPU, %

n = 20 88 443 1050 1.7 33 17.3 144 17.7
n = 40 686 1316 4819 1.0 211 23.3 655 19.4
n = 60 1284 827 7918 0.8 246 31.5 983 15.7
n = 80 1646.4 431 6628 0.7 127 32.1 890 18.7
n = 100 2100 755 3806 0.6 77 35.7 749 17.2
n = 150 1831 575 1080 0.4 36 52.1 539 12.6
n = 200 1102 107 240 0.2 12 57.4 518 8.6

The column ‘‘CPU’’ reports the average percentage of the total run time needed on the separation routines.
a Precedence constraints andwaiting time tests are described in Sections 3.2.1 and 3.2.2, respectively. Other tests check, whether paths violate timewindow
constraints.
b π-, σ -inequalities as well as so-called precedence cycle breaking and special inequalities, see [7] for the details on the cuts and separation routines.

Whereas the DP&DA outperforms the DP on DS3, the DBC&DA shows an inferior performance. The DBC&DA seems to
have more difficulties for DS3 instances with larger time windows. It is rather surprising, because the DBC&DA performs
particularly well on DS1 and DS2 with large time windows. Interestingly, the DBC&DA is extremely fast on the solved
instances, including those with 200 jobs, and solves 81% of instances in less than 0.5 s each. On the other hand, the run
time of the DP depends more strongly on instance sizes, which also points on the success of our decomposition algorithm.
For example, the DP needs at least 9 s to solve instances with 200 jobs.

Overall, although the DBC&DA was not able to solve 22 out of 185 instances of DS2 and DS3 within the run time limit, in
16 cases it found an optimal solution and in the remaining 6 cases the average relative deviation from optimality equaled
just 0.6%.

Performance of the DA. Results of the DP&DA and the DP in Tables 2 and 4 confirm that the decomposition algorithm
significantly reduces run times on all the tested data sets. Notably, it reduces the average run time from 71.8 to less than
0.05 s for the instances of DS1 with n = 25 jobs.

Performance of the specific algorithmic elements of the DBC. Table 2 illustrates that the DBC has a relative advantage for
instances with a small number of time windows. In the following piece of analysis (see Tables 5 and 6), we examine
effectiveness of specific elements of our DBC procedure on the benchmark data set DS3. Table 5 gives some insight on the
average number of search tree nodes when the dominance rule is used to eliminate dominated nodes early in the search
process (cf. Section 3.1). Overall, the dominance rule prunes 15.8% of nodes per instance on average. Table 6 evaluates
performance of the new tests in the separation routine for the path elimination constraints (see, cf. Section 3.2). It reports
the average number of cuts per instance and the average percentage of the total run time needed on the separation routines.
Notice that besides the separation routines there are the LP-relaxations, branching and preprocessing that require some
time. From Table 6 we see that the proposed waiting time tests and precedence constraints tests supply about 28% of cuts
per instance on average. The proposed waiting time and precedence constraints tests are also very fast to compute.
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6. Conclusion

In this paper, we propose a decomposition algorithm (DA) and a solution procedure DBC&DA for the single-crane
scheduling problem with the objective to minimize the makespan. To our best knowledge, the DBC&DA is the first branch-
and-cut-based algorithm for the single-crane scheduling problem, moreover it is the first branch-and-cut algorithm for
the asymmetric traveling salesman problem with a makespan objective function (called as the minimum completion time
problem in the literature). The DA decomposes problem instances into smaller subproblems, which are faster to solve. In its
essence, the DA is ametastructure that can be integratedwithmany other exact and heuristic algorithms for the single-crane
scheduling problem.

In our experiments, DA significantly reduces the run time by a larger factor for almost all the examined instances. Applied
either with our dynamic branch-and-cut procedure or with a dynamic programming procedure of Dumas et al. [27], it is able
to solve all the instances in our simulations of transshipment yards within short run times that practitioners expect.

Overall, the proposed branch-and-cut-based algorithm DBC&DA has a comparable performance to the DP&DA for the
tested instances. According to our computational experiments, the DBC&DA has a relative advantage for instance with a
small number of time windows. The developed separation routines for path elimination constraints, waiting time tests and
precedence relations tests, supply a majority of cuts and are fast to compute.

Our simulations of transshipment yards indicate that the makespan objective cannot be approximated by a cost
minimization objective and that introducing service promises for all the customer trucks leads to a significant increase in
the makespan.

For future research, we suggest to consider hybrid algorithms, which combine advantages of dynamic programming
or branch-and-bound algorithms with those of the dynamic branch-and-cut. In the next steps, the developed solution
approaches should be extended to a more general class of the minimum tour duration problems.
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Appendix

In the following, we summarize different types of the path elimination constraints.
We exclude an infeasible path P = (j1, . . . , jm) using the following constraint:

x(P) :=

m−1∑
k=1

m∑
l=k+1

xjkjl ≤ m − 2 (A.1)

If a set of jobs {j1, . . . , jm} admits no feasible path, then we introduce the following cut:

x (A ({j1, . . . , jm})) :=

m∑
k=1

m∑
l=1

xjkjl ≤ m − 2 (A.2)

If a path of the type (Q , jm) is infeasible, where Q is some permutation of the job set {j1, . . . , jm−1}, then we introduce the
following constraint:

x (A (Q )) + x(Q : jm) :=

m−1∑
k=1

m−1∑
l=1

xjkjl +
m−1∑
k=1

xjkjm ≤ m − 2 (A.3)

Similarly, if any path of the type (j1,Q ) is infeasible, whereQ is some permutation of the job set {j2, . . . , jm}, then a constraint
is specified as follows:

x (j1 : Q ) + x (A (Q )) :=

m∑
k=2

xj1jk +

m∑
k=2

m∑
l=2

xjkjl ≤ m − 2 (A.4)

Finally, if any path of the type (j1,Q , jm) is infeasible, where Q is some permutation of the job set {j2, . . . , jm−1}, then we
include the following cut:

x (j1 : Q ) + x (A (Q )) + x(Q : jm) :=

m−1∑
k=2

xj1jk +

m−1∑
k=2

m−1∑
l=2

xjkjl +
m−1∑
k=2

xjkjm ≤ m − 2 (A.5)
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